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Three-mode parametric interactions can occur in triply-resonant opto-mechanical systems in
which two orthogonal optical modes are coupled with an appropriate mechanical mode. Using
an optical cavity with a membrane inside, we report the first observation of three-mode parametric
instability in a free space Fabry-Perot cavity, a phenomenon predicted to occur in long baseline
advanced gravitational wave detectors. We present a large signal model for the phenomenon, which
predicts exponential growth of mechanical oscillation followed by saturation. Our experimental re-
sults are consistent with this model. Contrary to expectations, parametric instability does not lead
to loss of cavity lock, a fact which may make it easier to implement control techniques in Advanced
gravitational wave detectors.
In 2001, Braginsky et al. [1, 2] predicted three-mode
parametric instability (PI) in gravitational waves detec-
tors. The PI would be caused by the coincident match
of the mode shapes of mirror mechanical modes and
Lageurre-Gauss optical modes. The high mechanical
and optical mode density of these systems would ensure
that such interactions would occur accidentally. Sub-
sequently detailed modeling [3] verified the predictions
and experimental tests on suspended optical cavities [4–
7] demonstrated three-mode interactions below the insta-
bility threshold.
Three-mode interactions mimic a two-level atomic
system[8], in which parametric instability is analogous to
the creation of a phonon laser. Bahl et al.[9] emphasise
that the phenomenon is a macroscopic realisation of Bril-
louin scattering [10]. Because the gain depends on the
product of one mechanical and two optical quality fac-
tors, the gain can be high and in principle can be tuned
to cause either mode heating (leading to instability) or
mode cooling [11]. Both the injected mode and the scat-
tered mode are resonant in the cavity. The circulating
power of both optical modes are thus enhanced by cavity
resonance, so the input power required for parametric
instability is reduced. This result can be compared to
two-mode parametric interactions which require detun-
ing from their resonance and higher input power [12].
The challenge to observe the phenomenon in a free
space optical cavity coupled to a mechanical resonator
can be met either by using very high optical power in
large scale optical cavities, or at low power in tabletop
cavities with suitable mode structure and a low mass high
quality factor mechanical resonator. A free space cavity
with an intracavity membrane creates a suitable optical
mode structure which in principle can be matched to the
mechanical mode structure of the membrane.
It has already been shown that silicon nitride mem-
branes have sufficient transparency to be used in high
finesse optical cavities, and have suitable high quality
factor mechanical modes[13] in the MHz range. Well
understood two-mode parametric instabilities have been
observed in a suspended cavity [14], and in various solid
state optical microresonantors [15–20]. Three-mode in-
stability has been observed in relatively low quality fac-
tor solid state resonators[21–25] and in a microwave sys-
tem [26]. To enable three-mode parametric interactions
in a free space optical cavity containing a membrane,
the system must be tunable such that it sustains a pair
of optical modes spaced by a frequency equal to a cho-
sen mechanical mode frequency of the membrane [1, 27].
The mode shapes of the mechanical modes must also be
well matched in spatial structure to the accessible cavity
modes. The work present here represents the first reali-
sation of a low loss three-mode opto-acoustic parametric
amplifier.
In this paper, we first present a large amplitude model
of three-mode interactions and predictions of the time
evolution of a mechanical mode amplitude and an opti-
cal cavity mode amplitude. It reveals a regime in which
the mechanical mode is amplified by the negative effec-
tive resistance of the cavity system, and the transition to
a regime where the amplitude grows exponentially until it
reaches a saturation value. The cavity design and tuning
techniques are described, followed by time domain obser-
vations of the cavity high order mode amplitude. The
experimental results confirm the large amplitude model,
and reveal that the instability does not lead to the loss
of cavity locking. The implications for advanced gravita-
tional wave detectors are discussed.
Large amplitude model of 3-mode parametric
instability— All prior analysis of three-mode inter-
actions has assumed [1, 2, 7, 27–29] small amplitude.
While appropriate for obtaining instability criteria
this approach fails when the instability threshold is
passed and the loss of fundamental mode power through
2scattering into high order mode becomes large.
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FIG. 1: (Color online) Three-mode interaction cavity with
central silicon nitride membrane, of dimension 1mm×1mm×
50nm. An electro-optic phase modulator (EOM) and po-
larised beam splitter (PBS) lock the cavity fundamental mode
frequency using Pound-Drever-Hall (PDH) locking [35]. The
membrane is mounted on the piezoactuator (PZT) to tune its
horizontal position. The transmitted light from the cavity is
monitored by an offset photodiode (PD) in order to detect
the beat note between the fundamental mode and high order
mode.
We develop our theory for the experimental system
shown in figure 1, consisting of an optical cavity and a
membrane in its centre, where two optical modes cou-
ple to a mechanical mode via radiation pressure. This
system can be described by the interaction Hamiltonian
Hint = −~λOMxm(a∗0 + a∗S)(a0 + aS) where xm stands
for membrane displacement, a0 and aS are TEM00 and
Stokes optical modes complex amplitudes, respectively,
λOM is the actual three-mode coupling strength in the
experiment. Ideally, λOM = Λ
√
ω′0ω
′
S , where
Λ =
L(
∫
f0(~r⊥)fS(~r⊥)uzdS
V
(1)
is a dimensionless spatial overlapping factor [1] of the
mechanical mode and the two optical modes represented
by normalised respective transverse spatial distributions
uz(~r⊥) and f0,S(~r⊥) with ~r⊥ denoting transverse coor-
dinates in membrane plane, and ω′0, S stand for funda-
mental and Stokes cavity mode frequency shifts per unit
displacement of the membrane. The latter depend on
membrane reflectivity and position x with respect to the
cavity mirrors and equal to derivatives of modes frequen-
cies over x evaluated at the membrane rest location x0:
ω′0,S(x) = ∂x
[
(c/L) cos−1[|rm| cos(4πx/λ)]
]
|x=x0 . Here
rm is membrane amplitude reflectivity, λ0 is laser wave-
length and L is cavity length. Mode frequency depen-
dence on membrane position is calculated using the for-
mula for cavity resonance frequency as a function of
membrane position derived in [30].
The full Hamiltonian for our system reads:
H = ~ω0a∗0a0+~ωSa∗SaS+~ωmb∗mbm+Hint+Hdrive . (2)
Here the first three terms describe the oscillatory dynam-
ics of two optical and one mechanical mode, where bm
stands for dimensionless complex amplitude of the mem-
brane motion defined as xm = xq(bm+b
∗
m) with the zero-
point motion amplitude given by xq = (~/(2mωm))
1/2.
Laser pump is described by the last term Hdrive =
~
√
2κ0Ap(a0e
iωpt + a∗0e
−iωpt) in which κ0 is the TEM00
mode linewidth and Ap =
√
Pin/(~ωp) and ωp are the
pump laser drive amplitude and frequency, respectively,
Pin is laser power.
For slowly varying mode amplitudes, i.e. making the
following transformation bm → bme−iωmt, a0 → a0e−iω0t
and aS → aSe−iωSt, one can write down equations of
motion as follows (equations for conjugate amplitudes
can be obtained by applying complex conjugation to the
equations below):
a˙0 +
(κ0
2
− iλOMxq[bme−iωmt + b∗meiωmt]
)
a0 − iλOMxqaS(bm + b∗me2iωmt) = i
√
κ0Ap , (3)
a˙S +
(κS
2
− i∆− iλOMxq[bme−iωmt + b∗meiωmt]
)
aS − iλOMxqa0(bme−2iωmt + b∗m) = 0 , (4)
b˙m +
γm
2
bm − iλOMxq(a0a∗S + (|a0|2 + |aS |2)eiωmt + a∗0aSe2iωmt) = 0 , (5)
with detuning ∆ = ω0 − ωS − ωm, κS Stokes mode
linewidth and γm = ωm/Qm membrane oscillations de-
cay rate.
If we drop all the oscillating terms in the above equa-
tions and recall that pumping laser is locked to the
TEM00 mode via a feedback loop with bandwidth much
lower than mechanical oscillation frequency, we get the
standard linearised equations of PI derived in [1] with
TEM00 amplitude equal to A0 = 2i
√
Pin/(~ωpκ0):
a˙S +
κS
2
aS − iλOMxqA0b∗m = 0 , (6)
b˙∗m +
γm
2
b∗m + iλOMxqA
∗
0aS = 0 . (7)
Thereof one can immediately derive a parametric insta-
bility condition, assuming solution in the form {as, b∗m} ∝
eΓt and requiring Γ > 0:
3R ≡ 8λ
2
OMPin
mωmωpγmκ0κS
> 1 , (8)
The threshold value for input laser power at which PI
arises can be calculated by rearranging this equation,
P thresin =
mω2mω
3
p
8λ2OMQmQ0Qs
(9)
The ringup time, with the assumption γm ≪ κS , reads:
τr = Γ
−1 ≃ mωmωpκ0κS
4λ2OMPin
. (10)
To explain the saturation phenomenon we need to ac-
count for the omitted oscillating terms in (3). It can be
done by using the combination of the method of har-
monic balance and the method of slowly varying am-
plitudes. We look for a solution in the form A(t) =∑∞
n=−∞ αn(t)e
−inωmt where A(t) refers to the optical
modes, a0, aS and αn(t) denoting the slowly varying am-
plitudes of the corresponding mode harmonics (slow com-
pared with ω−1m ). Substituting the above solutions into
the initial equations (8) and doing lengthy but straight-
forward calculations, we obtain the following equation for
the mechanical amplitude:
b˙m +
γm
2
(
1−R J
2
0 (k1bm)G
2
0G
∗
S
|1 + k2G0GS |bm|2|2
)
b = 0 (11)
where G0 = 1 − e−κ0t/2, GS = 1 − e−(κS/2−i∆)t, J0(x)
is the Bessel function of the order 0, k1 = 2λOMxq/ωm,
k2 = (2λOMxq/
√
κ0κS)
2(1 − 2i∆/κS). One can also de-
rive expressions for the amplitudes of harmonics of both
optical modes:
α0,n = Jn(k1bm)
A0G0J0(k1bm)
1 + k2G0GS |bm|2 , (12)
αS,n = −k3Jn(k1bm)A0G0GSJ0(k1bm)
1 + k2G0GS |bm|2 , (13)
with k3 = 2λOMxq/κS. We see that the optical mode dy-
namics is fully governed by that of the mechanical mode.
We can also derive a steady-state amplitude of the me-
chanical mode from Eq. (11), setting b˙m = 0 and solving
the resulting non-linear algebraic equation with respect
to bm taking into account that G0,S(t→∞) = 1.
The resulting dynamical evolution is given in figure 2.
We see that as the Stokes mode and the mechanical mode
ring up, the circulating power in the TEM00 mode goes
down. When the mechanical oscillation amplitude ap-
proaches the Fabry-Pe´rot cavity linear dynamic range,
λp/F , the system reaches saturation and all modes ac-
quire steady amplitudes that depend on input laser power
[31]. Further detailed analysis of parametric instability in
the highly non-linear regime will be published elsewhere
[32].
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FIG. 2: (Color online) Theoretical model for the time evo-
lution of parametric instability. (a) the cavity fundamental
mode; (b) the cavity high order mode; and (c) mechanical
mode. Optical modes are normalised by the value of |A0| at
Pin = 10 µW. The mechanical mode amplitude is given in
units of Fabry-Pe´rot cavity linear dynamic range. (Here λp is
the pump laser wavelength and F is the cavity finesse.)
Experimental observation of three-mode parametric in-
stability —To observe the three-mode interaction, two
relevant optical modes (TEM00 and TEM02 in this ex-
periment) must be simultaneously resonant inside the
cavity. To obtain maximum gain [1], the frequency dif-
ference between the two optical modes must be tuned to
the mechanical mode frequency. The mechanical modes
are modes of a silicon nitride membrane with frequen-
cies spanning from 0.1MHz to a few MHz. However the
free spectral range of a 10cm-long tabletop optical cav-
ity is in the range of GHz. The mode spacing needs to
be tuned with a precision of ∼ 10−6 of the free spectral
range. This can be achieved with careful choice of mir-
ror radii of curvature and cavity length. For our case,
a near-confocal cavity (mirror ROC close to the cavity
length) is tuned so that the frequency of the higher order
TEM02,p mode close to the frequency of the next lon-
gitudinal mode TEM00,p+1. Small length adjustments
enable the resonant condition to be met. In the cavity
with a central silicon nitride membrane shown in figure 1,
the membrane position provides a second way of tuning
the cavity mode frequencies. The cavity resonance fre-
quencies with the membrane in the middle, compared to
the empty cavity, are shifted by an amount determined
by the reflectivity and position of the membrane [30],
given by ωcav = (c/L) cos
−1[|rm| cos(4πxm/λ)] , where
xm is the membrane position relative to the centre of the
cavity. Figure 3 shows ωcav for different cavity modes
as a function of membrane position. When the mem-
brane is within a quarter of the wavelength from the
centre of the cavity, there are two frequencies crossovers
between the TEM00 mode and the TEM02 mode, la-
beled as ”crossover 1” and ”crossover 2”. Tuning the
membrane position in principle allows the mode spacing
4between the TEM00 and TEM02 modes to be matched
to the membrane mechanical mode frequency. In prac-
tice, the crossovers are avoided due to coupling between
the modes [33, 34]. Normally there exists a minimum
frequency spacing at the nominal crossing point. The
greatest challenge in this experiment was the adjustment
of the membrane position and alignment to allow the
minimum frequency spacing to be close to the chosen
mechanical mode frequency.
The second challenge for a three-mode interaction ex-
periment is to design a significant spatial overlap between
the mechanical mode and the optical modes. Figure 3
shows the amplitude distribution of one membrane me-
chanical mode denoted (2,6), the optical cavity TEM02
mode, and the product of all three modes ((2,6), TEM02,
TEM00). It is clear that there is a good overlap between
these modes if the cavity modes are correctly positioned
on the membrane at a specific location which is not at
the centre of the membrane. The calculated maximum
overlap factor is ∼ 0.8.
Our optical cavity was mounted on an invar bar in a vi-
bration isolated vacuum tank. Motorised optical mounts
and piezoactuators were used for cavity alignment. (De-
tails available from the authors). The experimental setup
is as shown in figure 1. We developed careful alignment
and tuning procedures to tune the cavity. First the cav-
ity finesse ∼ 15000 was measured without a membrane
present. Then the membrane, which had been previously
aligned using a He-Ne laser, was inserted into the cavity.
The maximum finesse observed with the membrane in-
serted was ∼ 13000 (photon lifetime is 1.38µs).
Tuning the optical mode frequency spacing was
FIG. 3: (Color online) Cavity mode frequency tuning, mode
shapes and overlap. (a) mode frequencies as a function
of membrane position. (b) The mode shape of the mem-
brane(2,6) mode; (c) mode shape of the TEM02 cavity mode.
The product of the three mode shapes (d) confirms the strong
mode shape overlap requested to obtain the three-mode in-
teraction.
achieved by tuning the membrane position and orien-
tation. We chose ”crossover 1” labeled in figure 3 as
the target because the membrane position happens to
be close to a node of the TEM02 mode. In this loca-
tion the membrane absorption is minimum, allowing the
highest possible cavity finesse. We measured the depen-
dence of TEM00 and TEM02 mode frequency spacing
on membrane angle. The frequency spacing should be
minimised when the membrane is normal to the incident
light and was tuned at a rate ∼ 4MHz/mrad. We tuned
the membrane position along the optical axis to the de-
sired ”crossover 1” position, while the gap spacing at the
avoided crossing was tuned by membrane angular adjust-
ment.
The measured membrane mode resonant fre-
quency agrees with the calculated value of
fi,j =
√
T/4ρd2
√
i2 + j2 with membrane tension
T = 800MPa and density ρ = 2.7g/cm3. The indices i
and j are the mode numbers. However the membrane
frequency drifted over time. For example the (1,1) mode
dropped from ∼ 402kHz to ∼ 384kHz over 1 year. At
the time of the measurements reported here the (2,6)
mode frequency was ∼ 1718kHz. At pressure 10−3mbar,
the membrane has a Q-factor of 105, corresponding to a
phonon lifetime of 10ms.
For the very low mass membrane and the high finesse
cavity used in this experiment, the threshold for the para-
metric instability is ∼ 5µW . Hence the experiments had
to be conducted at very low optical power. This means
that the TEM02 mode is below the photo detector noise
floor except when the mechanical amplitude has built up.
The TEM02 mode was detected with a simple, partially
shadowed photodetector since a quadrant photodetector
was not available.
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FIG. 4: (Color online) The cavity mode frequency spectrum
when the mode spacing is tuned to the mechanical mode fre-
quency.
Using the tuning method described above we tuned the
optical mode spacing to the (2, 6), 1718kHz membrane
mode as shown in figure 4. As the optical mode spac-
ing decreases, the cavity mode linewidth increases due
to the coupling between the two modes [33]. We fitted
the tuning curve in the figure 4 to two Lorentzians to de-
termine the corresponding mode linewidth. These cavity
mode linewidths were used in the modeling results given
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FIG. 5: (Color online)The photodetector signal as a function
of time at different input power level, which shows exponential
ringup. This signal measures the beat note between the cavity
TEM00 mode and TEM02 mode, and is an indirect readout
of the mechanical mode amplitude.
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FIG. 6: (Color online)The photodetector signal ring-up time
as a function of the input power. The solid curve is the curve
fitting to the theoretical model.
in figure 2. The cavity stayed tuned long enough to make
repeatable measurements, but frequency drift meant that
retuning was required everyday.
Once correctly tuned, exponential ring up of the (2,6)
mechanical mode occurs whenever the input power ex-
ceeds the threshold. Figure 5 shows the Stokes mode
amplitude as a function of time at various input pow-
ers. Clearly higher input power corresponds to faster
ring-up as expected. Figure 6 shows the ring-up time
as a function of the input power. The ring-up time de-
creases with input power in close agreement with the
theoretical model. The saturation is clearly visible in
figure 5. The mechanical amplitude reaches the cav-
ity linewidth ∼ 10−10m in a time between 0.1 and 0.5
seconds, in agreement with theory. The dependence
of saturation amplitude on input power is also visible
in the figure 6. Using (8) and (9), we can estimate
an optomechanical coupling strength for our system as
λOM/2π = 0.84× 1014Hz/m and a threshold laser power
for parametric instability of P thresin = 5.7 µW.
Conclusion —We have shown that the theory of three
mode opto-mechanical interactions correctly predicts the
onset of parametric instability in a three-mode opto-
mechanical system. The results are in excellent quan-
titative agreement with the original theory of Braginsky.
We find that mechanical mode amplitudes saturate in
accordance with the large signal model for parametric
instability presented here. In the system studied here,
the onset of three mode instability does not lead to loss
of locking of the main optical cavity. The loss of power
from the main cavity mode is sufficient to stabilise in-
stability. If the same behavior is observed in high power
laser interferometers for gravitational wave detection, it
should be much easier to implement instability control
techniques based on feedback or slow thermal tuning.
Acknowledgment This research was supported by the
Australian Research Council. We would like to thank the
referees for helping us improve this manuscript. We wish
to thank the Gingin Advisory Committee of the LIGO
Scientific Collaboration, the LIGO Scientific Collabora-
tion Optics Working Group and our collaborators Pierre-
Francois Cohadon, Antoine Heidmann, Stefan Gossler,
Gregg Harry and Stan Whitcomb for encouragement and
useful advice.
[1] V. B. Braginsky, S. E. Strigin and S. P. Vyatchanin, Phys.
Lett. A 287, 331 (2001).
[2] V. B. Braginsky S. E. Strigin and S. P. Vyatchanin, Phys.
Lett. A 305, 111 (2002)
[3] C. Zhao, L. Ju, J. Degallaix, S. Gras, and D. G. Blair,
Phys. Rev. Lett. 94,121102 (2005).
[4] C. Zhao, L. Ju, Y. Fan, S. Gras, B. J. J. Slagmolen,
H. Miao, P. Barriga, D. G. Blair, D. J. Hosken, A. F.
Brooks, P. J. Veitch, D. Mudge and J. Munch, Phys.
Rev. A 78,023807 (2008).
[5] C. Zhao, Q. Fang, S. Susmithan, et al., Phys. Rev. A.
84, 063836 (2011).
[6] William Kells, LIGO-G070145-x0,
https://dcc.ligo.org/public/0036/G070145/000/G070145-
00.pdf
[7] M. Evans, L. Barsotti, P. Fritschel, Phys. Lett. A 374,
665 (2010)
[8] Ivan S. Grudinin, Hansuek Lee, O. Painter, and Kerry J.
Vahala, Phys. Rev. Lett. 104, 083901 (2010)
[9] Gaurav Bahl, John Zehnpfennig, Matthew Tomes, Tal
Carmon, Nat. Commun. 2, 1038 (2011)
[10] Y. R. Shen, N. Bloembergen, Phys. Rev. 137, A1787
(1965)
[11] C.Zhao, L. Ju, H. Miao, S. Gras, Y. Fan, D. G. Blair,
Phys. Rev. Lett. 102, 243902 (2009)
[12] J. M. Dobrindt and T. J. Kippenberg, Phys. Rev.
Lett.104, 033901 (2010)
[13] B. M. Zwickl, W. E. Shanks, A. M. Jayich, C. Yang, A. C.
6Bleszynski Jayich, J. D. Thompson, and J. G. E. Harris
Appl. Phys. Lett. 92, 103125 (2008)
[14] Thomas Corbitt, David Ottaway, Edith Innerhofer, Ja-
son Pelc, and Nergis Mavalvala, Phys.Rev. A 74, 021802
(2006)
[15] T. J. Kippenberg, H. Rokhsari, T. Carmon, A. Scherer,
and K. J. Vahala. Phys. rev. Lett. 95, 033901 (2005)
[16] H. Rokhsari, T. J. Kippenberg, T. Carmon, and K. J.
Vahala. Opt. Express, 13, 5293 (2005)
[17] P. DelHaye, A. Schliesser, O. Arcizet, T. Wilken, R.
Holzwarth, and T. Kippenberg, Nature, 450, 1214 (2007)
[18] T. Carmon, H. Rokhsari, L. Yang, T. J. Kippenberg, and
K. J. Vahala, Phys. Rev. Lett. 94, 223902 (2005)
[19] T. Carmon, K. J. Vahala, Phys. Rev. Lett. 98, 123901
(2007)
[20] R. Ma, A. Schliesser, P. DelHaye, A. Dabirian, G. Anets-
berger, and T. Kippenberg, Opt. Lett. 32, 2200 (2007)
[21] I. S. Grudinin, A. B. Matsko, L. Maleki, Phys. Rev. Lett.
102, 043902 (2009)
[22] M. Tomes and T. Carmon, Phys. Rev. Lett. 102, 113601
(2009)
[23] A. B. Matsko, A. A. Savchenkov, V. S. Ilchenko, D. Sei-
del, and L. Maleki, Phys. Rev. Lett. 103, 257403 (2009)
[24] A. A. Savchenkov, A. B. Matsko, V. S. Ilchenko, D. Sei-
del, and L. Maleki, Opt. Lett. 36, 17, 3338 (2011)
[25] G. Anetsberger, E.M. Weig, J.P. Kotthaus and T.J. Kip-
penberg, C. R. Physique 12, 800 (2011)
[26] M. E. Tobar and D. G. Blair, J. Phys. D: Appl. Phys.
26, 2276 (1993)
[27] L. Ju, S. Gras, C. Zhao, J. Degallaix, D.G. Blair, Phys.
Lett. A 354 360 (2006)
[28] W. Kells, E. D’Ambrosio, Phys. Lett. A 299, 326 (2002)
[29] S.E. Strigin, S.P. Vyatchanin, Phys. Lett. A 365, 10
(2007)
[30] A. M. Jayich, et al., New J. Phys. 10, 095008 (2008)
[31] I. A. Polyakov, S. P. Vyatchanin, Phys. Lett. A 368,
423(2007)
[32] The article of large amplitude analysis of parametric in-
stability is in preparation
[33] Thijs Klaassen, Johan de Jong, Martin van Exter, and J.
P. Woerdman, Opt. Lett. 30, 1959 (2005)
[34] J. C. Sankey, C. Yang1, B. M. Zwickl1, A. M. Jayich1
and J. G. E. Harris, Nature Phys. 6, 707 (2010)
[35] R. W. P. Drever, Appl. Phys. B 31 97 (1983); Eric D.
Black, Am. J. Phys. 69, 79 (2001)
